We consider the scattering of an energetic particle from a gauge potential with negligible recoil. The familiar (abelian) eikonal formula predicts factorization and an exponential form for the amplitude. In the nonabelian version, the necessity for path ordering makes the exponential only a formal expression, with no a priori guarantee that the end result is really an exponential function of the spacetime variables and colour matrices. We use the nonabelian eikonal formula developed recently to compute the path-ordered exponential, and find that the final expression remains to be an exponential function, but the exponent is now a highly nonlinear function of the gauge potential, an exponential-integral function as a matter of fact.
I. INTRODUCTION
The eikonal formula [1] finds many applications in physics. It is a formula for the scattering of an energetic particle on external sources, under the condition that particle recoils can be neglected. Since the source may comprise of injectors, detectors, and other particles, the formula can equally well be applied to scattering processes involving the emission, absorption, and exchange of bosons emanating from these sources.
The eikonal formula predicts factorization of the scattering amplitude under repeated interactions with the external source. This factorization leads to a Poissonian multiplicity distribution for the emitted bosons. It also enables perturbative amplitudes of all orders to be summed up into an exponential form, a form that is for example useful in QED for infrared factorization and cancellation [2] , unitarization and geometrical interpretation of high-energy elastic scattering [3] , and formulation of multiple scattering in the Glauber approixamtion [4] . When a small amount of recoil is included, the formula can also be used to derive the Landau-Pomeranchuk-Migdal effect [5] describing the suppression of radiation in the presence of densely packed multiple scatterers.
The onshell formula (when both the initial and the final particles are onshell) is particularly interesting because its factorized form exhibits a highly-peaked Bose-Einstein interference pattern. When integrated in a loop diagram, the overall interference effect is destrucitve, causing important contributions from individual loop diagrams to cancel in the sum. This is found in electron-electron elastic scattering at high energy ( √ s) via multiple photon exchanges, in which individual diagrams grow like some powers of ln s, but all the ln s dependences cancel out in the sum of all digrams at a given order [3] precisely because of this destructive interference [6] .
This familiar eikonal formula [1] applies to situations when the vertices commute with one another. A nonabelian formula applicable in the presence of non-commuting vertices has also been developed recently [6] [7] [8] . It is considerably more complicated than the abelian version on account of the presence of nonabelian 'vectorial' quantum numbers such as colour and isospin (to be referred to collectively as 'colour' in later discussions). Instead of having the amplitude simply factorized into a single product of vertex factors, in the nonabelian case it is a sum of products. Moreover, the factors appearing in a product are no longer restricted to vertices. The Bose-Einstein interference pattern for onshell particles is also altered. The amount of spacetime interference causing ln s cancellations now depends on the total colour of the bosons involved [3, 6, 7, 9] . It is this property that causes the gluon to reggeize but not the photon [3, 10] . However, the reduced amount of spacetime interference is in some sense compensated by the the presence of colour interference. In πN inelastic scattering in large-N c QCD [11] , it is this 'colour' (actually isospin) interference that causes the excessive contributions from high-isospin nucleon resonances in the intermediate states to cancel out and consistency of the theory restored [12] .
In the abelian case the exponential form of the amplitude is a simple result of factorization at fixed perturbative orders. In the nonabelian eikonal formula factorization becomes much more complicated, so it is uncertain whether the scattering amplitude still carries with it an exponential form. It is true that the nonabelian perturbation series can be summed into a path-ordered exponential, but the path ordering renders this exponential only a formal expression, with no implication whatsoever that the final expression is really an exponential function of spacetime and the colour matrices. Nevertheless, the QCD infrared amplitude does exponentiate in the leading-log approximation [13] , and the colour-averaged cross-sections of a certain kind can also be written in an exponential form [14] . Exponentiation has also been studied with functional calculus [15] . We shall show in this paper that true exponentiation is more generally true, that the sum of colour amplitudes to all orders in the no-recoil approxmation actually does exponentiates exactly. In other words, we are able to turn the path-ordered exponential into an actual exponential function. Unlike the abelian case, however, the exponent is no longer linear in the external sources. Instead, it is a highly non-linear function, an exponential-integral function as a matter of fact. This final result can be found in eqs. (4.2) to (4.5) below.
We shall not discuss applications of the nonabelian eikonal formula in this paper as they are still being investigated. Nevertheless, one can envisage the formula to be useful in the infrared problem of QCD, in partonic elastic scattering amplitudes, in heavy quark problems, and in generalized colour transparency phenomena. In fact, it ought to be useful whenever the multiple bosons involved are soft compared to the energy scale of the orginal particle.
When developed to one higher order, which we are attempting to do, it should describe the nonabelian Landau-Pomeranchuk-Migdal effect, thought to be relevant for high-energy nuclear cross-sections in the hadronic and plasma phases [16] .
Sec. 2 consists of a reminder of the path-ordered exponential solution for the scattering amplitude. Sec. 3 contains a review of the nonabelian eikonal formula for fixed perturbative orders, which is needed for the proof of the nonabelian exponential formula in Sec. 4.
II. PATH-ORDERED EXPONENTIALS
The classical trajectory of an electron with mass m and momentum p µ can be parametrized as x(t) = x 0 + 2pt, where t is time divided by the normalization factor 2m.
When this electron scatters repeatedly from a soft electromagnetic potential A µ (x) with recoil neglected, its quantum-mechanical amplitude can be approximated by
where V (x) is related to A µ (x) via the particle current −ev
in the formula comes from its translatinal motion, with the spin contribution completely negligible in this kinematical limit. For onshell amplitudes s = ∞, and for offshell amplitudes s = 0. The x 0 -dependence, when integrated over, yields an overall energy-momentum conservation δ-function, a factor which we shall largely ignore in the following. As a result, we will set x 0 = 0 for all subsequent discussions.
This expression can be derived directly from the Dirac equation or by summing up the perturbation series.
A similar formula exists in the nonabelian case when quarks are scattered from an external colour potential A m µ (x). However, the simple exponential in (2.1) must now be replaced by a path-ordered exponential, As usual, the path-ordered exponential is defined to be 3) so that the ordering of the colour matrices follows that of the t-parameters in the integration
To compare this expression with momentumspace Feynman diagrams, we Fourier-transform the source
and carry out the t-integrations. Eq. (2.3) then becomes
As we shall see more clearly in the next two sections, (2.5) is proportional to the Feynman amplitude for an energetic quark scattered from a soft colour potential.
It is not a trivial matter to unscramble the path ordering in (2.3) to produce a simple exponential function at the end, at least not in the way I have been able to do it so far.
Some rather complicated combinatorial gymnastics are involved [7] , though the final result at a fixed perturbative order can be stated in a rather simple form. This will be reviewed in the next section. It is from this fixed-order formula that the final exponential form is derived in Sec. 4.
III. REVIEW OF THE NONABELIAN EIKONAL FORMULA
Let k i (1 ≤ i ≤ n) be the outgoing momenta of n bosons, emitted from an energetic particle of mass m, initial momenum p ′ = p + ∆, and final momentum p, with nonabelian vertex factors t i . We assume p 2 = m 2 , and all momentum transfers to be small. This condition of k µ i , ∆ µ ≪ p 0 for all i and µ enables the high-energy (eikonal) approximation
The momentum p ′ may or may not be onshell. If it is, then the onshell condition
is equivalent to the conservation of the total momentum
i k i along the p-direction. The tree amplitude of Fig. 1 is defined to be
where a s [123 · · · n] is given by (2.6). Onshell amplitude correspondes to s = ∞, and offshell amplitude corresponds to s = 0. The nonabelian eikonal formula (also called the 'multiple commutator formula') [6, 7] asserts that the sum of these Feynman amplitudes M s [σ] over all {σ} ∈ S n is equal to the same sum of the corresponding nonabelian cut amplitudes In this way each nonabelian cut amplitude is factorized into a product of several factors, each being a product of a Feynman amplitude times a multiple commutator. In the abelian limit all commutators vanish so each factor degenerates into a vertex. In the nonabelian case an infinite number of such primitive factors are present, and it is this richness of primitive factors that makes the exponent of the nonabelian exponential formula a highly nonlinear function of the vector potential.
IV. EXPONENTIAL FUNCTION
In the case of QCD, the vertex factor t is equal to g(2p)
µ τ m , with g being the coupling constant and τ m being the colour matrix. This is precisely the factor needed to convert
It is known that at high energy this formula is valid for all quark spins.
Throughout these discussions we allow any gauge group for the QCD and any colour for the 'quark'.
In the presence of an external Yang-Mills potential A m µ (k), the scattering amplitude to all perturbative orders is given by
Using the nonabelian eikonal formula (3.2), we may replace the sum of Feynman amplitudes by the sum of nonabelian cut amplitudes. Using the factorization property of a sc [σ] and a combinatorial argument to be discussed at the end of this section, one gets
Other than the weighing factor g n /n, the exponent consists of a sum of Feynman spacetime amplitudes a s , with multiple commutators replacing simple products of the colour matrices. Equivalently, these are just the sum of the cut amplitudes M sc [σ] for those diagrams for which σ = σ c . We shall refer to these diagrams in the exponent as cut irreducible
A. Path-ordered commutator product
The exponents F s (A) = ln W s (A) given by (4.2) can also be written in a compact form by introducing a path-ordered commutator product P c (· · ·), defined in analogy to the usual path-ordered product P (· · ·):
where R αβ = {α ≥ t 1 ≥ t 2 ≥ · · · ≥ t n ≥ β}. This differs from the usual path-ordered product by changing products of colour matrices into multiple commutators. With this definition, (4.2)is equal to 4) where E[x] is related to the exponential-integral function Ei(x) and the Euler constant γ
B. Combinatorial argument for the sum
We present here the combinatorial argument leading from (4.1) to (4.2) . After using
/n!, we group together terms with a given cut structure. These terms are equal after multiplication by the n factors of (2p
and integrating over the k's.
The cut structure (n
3 , · · ·) of a cut tree is defined as follows. A cut tree [σ c ] may be regarded as being assembled from a number of Feynman trees, separated from one another by the cuts in the cut tree. The cut structure specified above refers to any cut tree divided in this way into b i Feynman trees of length n i , for i = 1, 2, · · ·. The length of a tree is defined to be the number of boson lines emerging from it, so the total length of the cut tree is n = i b i n i .
The number of ways to partition n numbers into b 1 groups of n 1 numbers, b 2 groups of n 2
Next we assert that the number of cut trees that can be built out of each of these partitions is i [(n i − 1)!] b i , an assertion that will be proven later.
Putting these two together, the number of cut trees with that given cut structure is the product of these two numbers, so it is n!/ i [b i !n
. This is precisely the correct coefficient to allow eq. (4.1) to sum up to the exponential form (4.2).
To illustrate these abstract statements, let us consider a specific cut tree as an example, say [821|653|94|7] . In this case the cut structure is (1
, and the number of cut trees with this cut structure is 9!/[1!1!2!1 1 2 1 3 2 ], a huge number.
To prove the assertion for the number of cut trees that can be built from a given partition, recall the rule for making cuts in a tree [σ] = [σ 1 σ 2 · · · σ n ]: a cut is put after σ i iff σ j > σ i for all j > i. This means that the set of numbers just before each cut forms an increasing sequence read from left to right, and that the number σ i just before a cut must be the smallest of all the numbers between two cuts. In the example above, the first statement asserts that 1 < 3 < 4 < 7, and the second statement asserts that 1 is the smallest of (821), 3 is the smallest of (653), 4 is the smallest of (94).
According to these rules, we can construct cut trees from a partition in the following way. First, order each group in all possible ways but always keeping the smallest number of the group on its extreme right. For a group with n i numbers there are (n i − 1)! ways of doing it. Next, order the different groups in such a way that the rightmost number of each group forms an increasing sequence. This then turns each ordering into a cut tree, with cuts deliminating groupings, so the total number of cut trees for a given partition is 
